We illustrate an isomorphic description of the observable algebra for quantum mechanics in terms of functions on the projective Hilbert space, and its Hilbert space analog, with a noncommutative product with explicit coordinates and discuss the physical and dynamical picture. The isomorphism is then used as a base to essentially translate the differential symplectic geometry of the infinite dimensional manifolds onto the observable algebra as a noncommutative geometry, hence obtaining the latter from the physical theory itself. We have essentially an extended formalism of the Schrödinger versus Heisenberg picture which we try to describe mathematically as a coordinate map from the phase space, which we have presented argument to be seen as the quantum model of the physical space, to the noncommutative geometry as coordinated by the six position and momentum operators. The observable algebra is taken as an algebra of functions on the latter operators. We advocate the idea that the noncommutative geometry can be seen as an alternative, noncommutative coordinate, picture of quantum (phase) space. Issues about the metric tensor of the noncommutative geometry are also explored.
I. INTRODUCTION
Classical physics is real number physics. Physical quantities or observables are modeled by real valued variables and physical states are identified as points on phase spaces which are geometric structures modeled locally on products of the real number lines. In fact, a state can be described by values of its coordinate variables, position and momentum observables, which are really the basic observables combinations (as smooth functions) of which give all other observables. From the mathematical point of view, there is a duality correspondence between the algebra of observable and the geometric structure. The algebra of observables in a classical theory is a commutative algebra, to be identified as functions on a corresponding commutative geometric space (the phase space), i.e. a real number space called a manifold. The algebra of observables for a quantum theory is a noncommutative (operator) algebra. The dual geometric structure may also be considered a noncommutative one with the noncommutative coordinates observables, like the position and momentum operators. We seek a physics based point of view to understand such noncommutative geometric structure as beyond real number manifolds, at least beyond the finite dimensional ones.
In the case of simple quantum mechanics, physicists have a well established picture of the phase space, however, as a real number geometry. That is the Hilbert space as an infinite dimensional complex vector space or the projective Hilbert space as an infinite dimensional, actually curved, manifold. The latter, as the space of pure states [1] [2] [3] , is also a geometric structure dual to the noncommutative algebra of observables. Actually, for C * -algebras, which is the kind of algebras considered be the proper setting for the mathematics of noncommutative geometry [4] and the general idea of an observable algebra in a physical theory [5] , the space of pure states essentially always have the more familiar commutative geometric structure of Kähler manifolds or Kähler bundles [3, 6] . Typically, they are infinite dimensional. A key perspective here is that a noncommutative observable/quantity can be modeled by an infinite number of commutative quantities. A noncommutative coordinate in particular can be described as an infinite set of real or complex coordinates. The noncommutative geometry of the observable algebra for quantum mechanics, as an example, may be taken as nothing more than an alternative, or better, picture of the infinite dimensional Kähler geometry of the quantum phase space. It may be somewhat similar to the intrinsic description of a curved manifold versus its extrinsic description as part of an Euclidean space.
The idea of a noncommutative observable has like the information content of an infinite number of real or complex number is easy to appreciate, though not been taken seriously enough in our opinion. A quantum operator can be thought of as like a matrix on the infinite dimensional Hilbert space, which is then characterized by the matrix elements under a choice of basis, i.e. a system of coordinates. On its eigenstate basis in particular, it is described by the set of eigenvalues. The latter, though often considered, is not the most convenient for description of structure for the full algebra.
The most fundamental geometric structure in physics is that of the physical space(time).
Understanding the noncommutative geometric structure behind some quantum model of the spacetime commonly expected to be necessary at the Planckian scale has been a key topic of recent studies [7, 8] . Somewhat philosophically, the idea that a model of the geometric structure is to be matched to a model of the related observable (physical) quantities is most appealing. In the case of a classical gravitational/geometrodynamical theory like Einstein's general relativity, the notion sound natural to appreciate. Gravitational physics is spacetime structure. Even for the case of quantum field theory seen properly, the conclusion should be the same. The various quantum fields are more like degrees of freedom necessary to describe the various physical states of the spacetime rather than 'objects' which may live in a certain region of the spacetime. However, for other classical theories of field(s) or particle(s), the story seems to be different. For Newtonian mechanics for example, it is the phase space rather than the physical space or particle configuration space that has been matched to the observable algebra. Note that the physical space, in the setting of particle dynamics, has to be identified with the configuration space of a free particle, or that of the center of mass of a closed system of particles. There cannot be any other way to look at the model of the physical space from a physics point of view. For quantum mechanics, however, there has not even been a notion of the configuration space for a quantum particle or system. Moreover, the model of the physical space behind the classical theory is kept in the quantum theory. We see that as the key blind spot in the standard formulation of quantum mechanics which renders an intuitive understanding of the theory next to impossible. Our recent study of the proper modeling of the physical space as behind quantum mechanics has resolved the issue [9] . From the perspective of representation(s) of the correspondent relativity symmetry, we have shown that the usual Hilbert space picture of the quantum phase space actually duplicates as like a configuration space, both giving the right classical Newtonian limits through the mathematical process of relativity symmetry contraction.
With the Heisenberg commutation relation in the quantum relativity symmetry, the phase space is an irreducible representation which excludes the notion of a configuration space as a meaningful independent part, an irreducible component, within. The fact that all irreducible unitary representation spaces, of the Heisenberg-Weyl subgroup H(n) (n = 3 here being the dimension of the classical space or the numbers of X i and P i generator pairs), are essentially isomorphic also excludes the possibility of identifying a configuration space as a different geometric structure. The classical limit of the representation with the Heisenberg commutation relation trivialized becomes however reducible. Hence, at the classical limit, the phase space is a simple sum of the configuration space and the momentum space.
The group theoretical based on the identified relativity symmetries also works perfectly the full dynamical picture [10] . The observable algebra is the matching representation of the group C * -algebra, which is some functional algebra of the position and momentum observables/operators. Schrödinger dynamics are Hamiltonian flows on the quantum phase space to be matched to the Heisenberg picture of automorphism flows in the observables algebra each from the same generator. The contraction gives the classical dynamics as an approximation works directly under the Heisenberg picture. Dynamics hence cannot be described only on an algebra matching or dual to the configuration space even for the classical case.
The configuration space should really be seen as nothing more than part of the phase space which can be considered on its own only at the classical limit. The full Hilbert space, or rather the projective Hilbert space, is really the right model picture of the physical space as behind quantum mechanics. Quantum mechanics should be taken as a theory of particle dynamics on a quantum/noncommutative (model of the) physical space. It is then natural to conclude that any more fundamental theory of noncommutative spacetime should include quantum mechanics at some limit hence has the spacetime as a sort of phase space more than configuration space. Interestingly enough, the latter notion seems to have a parallel in the notion of doubled/Born geometry from string theories [11] .
The (Kählerian) geometric picture of quantum mechanics has a slow development. Only after a major part of a century we have available a more comprehensive picture of it given by Ref. [12] . The paper also gives the extremely important result of an isomorphic descrip-tion of the observable algebra as an algebra of the so-called Kählerian functions on the projective Hilbert space which generates Hamiltonian flows preserving the Kähler structure of the manifold hence also the metric. The metric is one of constant holomorphic sectional curvature fixed by the Planck constant . Hence, quantum noncommutativity can be seen as a curvature notion. A quantum observable as an operator on the Hilbert space can be matched to the set of complex values of the corresponding Kählerian function of all the points. We will present below all those features based on explicit coordinates to make them more easily appreciated even by readers less accustomed to the use of the kind of abstract mathematics. We will use the isomorphic algebraic structure to look at the differential geometric for the observables algebra, in terms of the noncommutative coordinates, as matching to those of the projective Hilbert space or the Hilbert space. That is like giving definitions of the noncommutative geometric notions from the physics of quantum mechanics.
In the next two sections, we will present the geometric pictures of quantum mechanics on the Hilbert space and the projective Hilbert space, mostly in terms of explicit coordinates making it more accessible to all readers. We intend to give a kind of optimal formulation of the known results, paying also careful attention to the proper physical dimensions of the various quantities. Our key references are Refs. [12, 13] ; other references consulted include
Refs. [14] [15] [16] [17] [18] [19] [20] [21] [22] . The presentation set the background for the the sections after. In Sec.IV, we present some details of the Käherian functions for the noncommutative coordinate observables ofx i andp i and their complex combination α i andᾱ i under a convenient choice of coordinates for the Hilbert space and the projective Hilbert space. In Sec.V starts the exploration of the noncommutative differential geometric structure of the observable algebra along the idea mentioned above. This will then be extended further with a notion of coordinate transformation/map between the infinite set of complex coordinates and the six noncommutative coordinates in Sec.VI, as like an extension of the familiar Schrödinger and Heisenberg picture correspondence. For background references on noncommutative geometry relevant to our formulation here, we note in particular Refs. [4, [23] [24] [25] [26] [27] [28] . Our presentation of that is however seen to be directly dictated by the physical theory. The last section concludes the paper.
II. GEOMETRIC PARTICLE DYNAMICS ON THE HILBERT SPACE
Let us first recall some basics of the symplecto-geometric formulation of quantum mechanics. To start with, the Schrödinger equation as the equation of motion for a quantum state described by the vector |φ can be casted into the form of Hamilton equations of motion.
Take an orthonormal basis |z n for the Hilbert space H (of countably infinite dimension, n = 0 to ∞), we have |φ = z n |z n (with summation over n) where the complex coordinates z n =q n + ip n for the state vector have (real coordinates)q n andp n satisfying
where the Hamiltonian function H(q n ,p n ) is given by 1 2 φ|Ĥ|φ for the Hamiltonian oper-atorĤ. Moreover, if we take |z n to be the eigenstates ofĤ (assuming a discrete spectrum) withĤ |z n = ω n |z n , we have simply
with dq n dt = ω np n (no summation) , dp n dt = −ω nq n (no summation) .
Each of the configuration variableq n and momentum variablep n behave exactly like those of a harmonic oscillator with frequency ω n and the magnitude and phase of each complex coordinate z n serves as an action-angle variable pair of the completely integrable quantum system. The equations of motion are equivalent to
which are just conjugate pairs. 1 The analysis above illustrates a couple of basic things very explicitly. From dimensional analysis, the proper physical unit for the coordinates is √ , 1 Note the with the coordinates, we always have like z m = δ mn z n and ∂ ∂zm = δ mn ∂ ∂z n independent of the metric; writing the tangent vector ∂ n = ∂ ∂z n , the covector ∂ n is metric dependent and cannot be taken as which is the right unit for position and momentum when they are to be expressed in the same unit. For any choice ofĤ beyond the physical energy observable, the 'Hamiltonian equations of motion' are preserved under a scaling of all coordinates with any complex number which suggests a description with the symmetry reduction. The latter is the formulation on the projective Hilbert space in the following section. Note that the symmetry of a complex phase rotation of a state vector in particular illustrates the lack of independent conceptual notion of the splitting of the configuration and momentum variables. We have argued that the correct perspective is for the symmetry to be taken as a fundamental (quantum) relativity symmetry for quantum mechanics which says the quantum phase space is the proper model of the physical space at the quantum level [9, 10] .
The Hilbert space H can be taken as a Kähler manifold with a trivial metric G mn = 1 2 δ mn , and a symplectic form ω mn = iG mn . The tangent space of a vector space can be identified with itself. G and ω corresponds to the real and imaginary part of the inner product, i.e.
with G(|ψ , |φ ) = ω(|ψ , i |φ ) = − ω(i |ψ , |φ ). The equations of motion has the standard form
for a Hamiltonian function H from operatorĤ, where X H is the Hamiltonian vector field.
Note that ω mn = −iG mn = −2iδ mn . The above equation is just a geometric/coordinate description of the Schrödinger vector field XĤ = 1 i Ĥ acting on a state vector. Actually, we have for a tangent vector |Y to H at |φ
for HermitianĤ. We have been only passing between the geometric language and the operator and state vector one on H. Each vector is a point of the space; an observable, as an operator, is completely characterized by its values on all possible states and should be seen as a function on the space as suggested by the symplectic formulation. How to properly think about those values and the issue of noncommutative and Heisenberg uncertainties is a question we will address very carefully below. For any Hermitian operatorK, we can introduce the Hamiltonian function, in the sense of symplectic geometry, K(|φ ) = 
where∂ m ≡ ∂m = ∂ ∂zm = ∂ ∂z m . Using the coordinates and the matrix elements of the operators, one can easily see that
This is a very remarkable simple result which is like the key behind the whole analysis. The first application here of result gives
The latter is equivalent to the Heisenberg equation of motion under HamiltonianĤ, namely
The symplecto-geometric form, however, works also for complex functions, which suggests taking the Heisenberg equation of motion to include non-Hermitian operators.
In terms of the corresponding Schrödinger vector fields (for Hermitian operators), one can get the same equation as
Notice that the Schrödinger vector field expressions from Eq. (7) 
While a generic symplectic manifold may not process a Riemannian metric, with the Kähler structure, however, we have the latter being intimately connected to the symplectic structure. In fact, a symplectic form together with a compatible complex structure on a manifold uniquely fix the metric. We have seen that the Poisson algebra of H β functions
gives an isomorphic description of the Poisson algebra of operators β with 1 i times the commutator taken as the Poisson bracket. Our derivation here starts with the remarkable result of Eq.(9) expressed in terms of the metric. The result actually gives a full isomorphism between the algebra of H β functions an the observable algebra.
One can define the Riemann bracket
in terms of the anticommutator. The latter can be seen as the Riemann bracket for the observable algebra. Note that the Jordan algebraic product, or called Jordan bracket, is exact half the anticommutator. We write
With the last ⋆, it is exactly the nonassociative Jordan product for the operators which is half the anticommutator. Furthermore, one can write the so-called Kähler product on the space of H β functions in the simple form
that is to say the Kähler product given in terms of ⋆ K matches the structure of the operator product as the basic product between observables 2 . It is exactly given by Eq.(9), i.e. 2 We have the even more suggestive form H β ⋆ K H γ = H β⋆γ for a formulation of the observable algebra as the Moyal star product algebra of functions of real variables β(p i , x i ) and γ(p i , x i ) [10] .
∂ m H β G mn ∂nH γ . Obviously, we have
, which is just about splitting the operator product into the symmetric and antisymmetric parts.
III. GEOMETRIC PARTICLE DYNAMICS ON THE PROJECTIVE HILBERT

SPACE
The linearity of the Schrödinger equation says that all state vector differ by a nonzero constant factor behave in exactly the same way. The zero vector, however, does not make a sensible physical state. This suggests a symmetry reduced description of the symplectic system to one less complex dimension, that of the projective Hilbert space P with each ray of vectors [φ] identified as a point. The latter space is an infinite dimensional complex projective space (CP ∞ ), which is still a Kähler manifold. As the space of pure states, it is a geometric structure dual to the noncommutative C * -algebra as the algebra of observables.
Any set of z n serves as homogeneous coordinates. Natural atlas of affine coordinates are given in the form wñ = zñ z 0 withñ counting from 1 to ∞. Points correspond to [φ] with vanishing z 0 have all wñ as infinity though P is actually compact. If fact, one only has to switch to another similar coordinate chart, like one obtained by swapping the z n coordinates first, to give such points finite coordinate values. z n as a system of coordinates on P with redundancy has the benefit of being globally applicable. Besides, the Hilbert space picture of quantum mechanics is more than a convenient redundant description. Mathematically, it is the natural structure to arrive at from the point of view of representation theory of the observable algebra, or that of the fundamental symmetry behind which can be or should be identified as the (quantum) relativity symmetry [9, 10] . Physically, the notion of Berry's phase clearly indicates that there is nontrivial dynamical issues that involved changes in the θ coordinate [20, 21] which cannot be described on P alone.
From the geometry of complex projective spaces, we have on P the standard Fubini-Study metric given by
with |w| 2 =wñwñ. Note that we have supplemented the mathematical result an characterizing the right physical dimension as wñ coordinates lose the length dimension of z n , and adopted the factor of 2, which fits in with the physics results to be presented below most nicely. The symplectic form ω is given by the Kähler form, with ω mn = ig mn . We have also the inverse
In terms of the z n set of homogeneous coordinates (with a redundancy), we can write the Fubini-Study metric as
Note that detg = 0; the metric is hence degenerate. One can describe a point in P as the equivalent class [φ] of Hilbert space vectors |φ each being a constant multiple of the others.
We have
which corresponds to a notion of distance between two state vectors
It depends, of course, only on [φ] and [φ ′ ] and is the geodesic distance between the two points in P as the quantum model of the physical space. In the conventional picture of quantum mechanics, it characterizes the distinguishability of the physical states. The maximum value of s is given by π 2 realized between any two orthogonal state vectors.
The metric in Eq. as a complex line bundle over the base space P and the degenerate metric as one for the whole bundle which vanishes on the vertical tangent vectors [21] . Hence, distance between points within the same fiber is always zero. The idea that each [φ], rather than individual φ, represents a physical state suggests that the Fubini-Study metric, rather than the trivial Hilbert space metric, is the proper physical notion of distance between states, or state vectors, in quantum mechanics. The {r, θ, wñ,wñ} set with r = |z| and z 0 = re iθ (1+|w| 2 ) −1/2 as a full set of coordinates for H may be used best to illustrate that [20] . The θ coordinate is a overall phase factor for a state vector and r its magnitude. A transformation in the θ coordinate maintains the inner product of two vectors hence the symplectic form and the metric. The coordinate is hence kind of redundant or irrelevant to the geometric structure as well as the dynamics. The identity operator as a 'Hamiltonian' operator generates exactly a change in all state vectors by a 'translation' of their θ coordinates of value − i t producing the circle action of the group of θ transformations. H 1 = r 2 2 is the corresponding Hamiltonian function. We have hence a standard case of symmetry reduction of a circle action and with P being isomorphic to the quotient of any regular level set of nonzero value of H 1 and the circle S 1 , or (P, ω) the corresponding symplectic quotient of (H, ω) at the constant r [22] . That is to say, all Hamiltonian flows stay on spheres of fixed radius r, with the dynamic picture on each spheres of nonzero radius essentially identical. Note that all H β are θ independent.
They actually have the form r 2 times a function of wñ andwñ. The latter is essentially the reduced Hamiltonian function on P which is the focus of the section.
Going back to the metric structure, the trivial metric of H can be written in the form
where ds 2 (S) is the metric as restricted to the sphere at r 2 = 2 , or the r-independent part of the full metric. The 2 factor is essentially the same one as in the case of the Fubini-Study metric. The vector field ∂ r is vertical or orthogonal to the sphere. The metric tensor on S is hence given by 2 r 2 (G − ∂ r ⊗ ∂ r ). In addition, the invariance of the metric with respect to the θ-transformation gives a Killing reduction to the θ-independent metric [13, 29] , one on P. The result is 2
which gives exactly the metric in Eq.(19) upon substituting ∂ r = z m r ∂ m +z m r ∂m and ∂ θ = iz m ∂ m − iz m ∂m. One can also take r(∂ r ) together with ∂ θ to be the Killing vector fields for the conformal metricG mn = 2 r 2 G mn on H−{0} for a direct reduction to the same result. The procedure is a powerful one, allowing us to get other corresponding tensors on P including the useful 'inverse metric', which can be obtained as
Note that the singular or degenerate metricg mn in Eq.(19) cannot be inverted. We will apply the procedure extensively in our analysis. More details of the mathematics involved are given in the Appendix, for the readers convenience.
The Fubini-Study metric on P, besides having the similar role as the metric on H for defining a Kähler product among functions representing the operators as observables, actually has also an important role to play in relation to the notion of quantum covariance or Heisenberg uncertainty, as illustrated below.
Functions on P can be defined in terms of functions on H which are independent of the r and θ coordinate. In particular, we consider the so-called Kählerian functions on P as given by
i.e. each corresponds to the function of expectation values for the operator β. Note that we introduce the factor in the definition above so as to keep f β having the same physical dimensions as H β and the operator β or its matrix elements. The factor 2 is just for the convenience of having the corresponding functions of the constant operators as the same
constants. An extra constant factor in the definition of f β otherwise does not really matter and it may seem to be natural to go without the 2 so that it agrees with H β for a normalized φ (to ). Our good choices of exact forms of the H β and f β functions result in a r 2 2 factor difference, i.e. r 2 = 2 is where the two functions have the same value, and the 2 factor hence shows as the natural choice in the various metrics discussed above to get results in the best form. Using either the wñ coordinates and gmn or the z n withg mn , we can easily see that for the Kähler product defined by
we have also
Again, from the the antisymmetric and symmetric parts, we have the Poisson and Riemann brackets
for the operator β. More directly, one can introduce a notion of 'quantum covariance' between two operators as given by
in relation to which we have the inequality
as a stronger version of the Heisenberg uncertainty principle. All that illustrates the key role of the Riemann bracket or the metric on P in quantum mechanics compared to which the metric G on H is much less physically relevant.
We see here another isomorphic description of the observable algebra, namely as the f β functions with the Kähler product. To compare results here with those of the H β functions with H β = r 2 2 f β , the first point to note is that
where we have exactly equality for the two Poisson bracket for r 2 = |z| 2 = 2 . This is in line with the notion of P being the symplectic reduction of H. In fact, applying the explicitly coordinate transformation (z n ,z n ) to (r, θ, wñ,wñ) onto the Hamiltonian vector
withX β being the horizontal lift of X β , from the perspectives of Killing reduction [29] or sub-Riemannian structure [21] as relation between P and H − {0}. More on the Killing reduction results are presented in the Appendix.
(the Hamiltonian vector field for the operator 2 I), and X f β is the Hamiltonian vector field of f β taken as a Hamiltonian function on (H, ω) and X β (≡ X f β ) the Hamiltonian vector field on (P, ω). That is in exact correspondence with Eq.(28) as ∂ θ (H β ) = ∂ θ (f β ) = 0 for any operator β. None of the vector fields has a ∂ r component, which is to be expected from the unitary flow point of view. It may also be interested to note that
It is more convenient to focus on the covectors dual to the Hamiltonian vector fields for which we have expressions of the universal form given by the exampleX βn = i∂ n f β , i.e. components isomorphic description of the observable algebra [13] . As we have such local representation for the algebra for each state, we think that should be interpreted as the noncommutative algebra of a kind of values for the observables. The matter is left to be addressed in details in another paper [31] .
IV. ON THE NONCOMMUTATIVE COORDINATE FUNCTIONS
So far, the coordinate systems we use on H and P are quite generic. Now, we take a specific coordinate system to be used for some explicit results of the basic observables
Intuitively, they are like the noncommutative coordinates of the 'phase space' for a quantum particle with other observables to be seen as functions of them.
We want to see how we can identify that noncommutative 'phase space' as essentially the same space as our familiar quantum phase space.
Take the simultaneous eigenstates |n 1 , n 2 , n 3 of the number operatorsN i , i = 1 to 3 (i.e. satisfyingN i |n 1 , n 2 , n 3 = n i |n 1 , n 2 , n 3 for integers n i ≥ 0) as a countable orthonormal basis of the Hilbert space. A state is then described by the complex coordinates z (n 1 ,n 2 ,n 3 ) , i.e. |φ = n 1 ,n 2 ,n 3 z (n 1 ,n 2 ,n 3 ) |n 1 , n 2 , n 3 .
The coordinates constitute a set of homogeneous coordinates (of the type z n ) on the projective Hilbert space from which set of affine coordinates can be chosen as w (n 1 ,n 2 ,n 3 ) = z (n 1 ,n 2 ,n 3 ) z (0.0,0) . Let us introduce the short hand index notation [n] standing in for (n 1 , n 2 , n 3 ), and further the notation like z
with the definition z (n 1 ,n 2 ,n 3 ) 1± ≡ z (n 1 ±1,n 2 ,n 3 ) . . . , etc. We have then the compact expressions
and
Note that we have used only [n] here including the expression in terms of the w [n] coordinates where we use w [0] ≡ 1. We have for the covectors
and the vectors
Some of the expressions here involve the undefined 'coordinate' z
j− which is an abuse of notation. It always goes along with a √ 0 factor and the terms vanish. The results will be useful in analyses involving the noncommutative coordinates.
At the end of the last section, we mentioned that the full Kählerian function, which is a representation of the corresponding operator as a quantum observable, is locally determined by the functional value and that of the coordinate derivatives of the first two orders. The The calculations involved are more tedious, the story is otherwise essentially the same when we look at the set for ofXᾱ j
[n] or Xᾱ j [n] values, except that we need also the fᾱ j value. For example, we start with z [n] = −i fᾱ jXᾱ j
[n] for all [n] with n j = 0 and recursively each z [n] with increasing n j is given by −i
j− ). So, the set of 'noncommutative values' [31] for the noncommutative coordinate operators can be seen as carrying a lot of redundant information about the state.
V. DIFFERENTIAL GEOMETRIC STRUCTURES FOR THE OBSERVABLE AL-
GEBRA
As illustrated here in Sec. II and III, it is obvious that 1 i times the commutator serves as like a Poisson bracket on the observable algebra. It is really a trivial one in terms of symplectic coordinatesx i , andp i , or their complex counterparts α i andᾱ i . Note that these are considered coordinates for which we do not distinguish upper and lower indices. We have then the Hamiltonian vector field X β for β to be given by
As a derivation, it is an inner one as expressed in terms of the adjoint action of β on elements of the algebra, and that is exactly as to be expected for the algebra [4, 23] . From the more geometric picture, we want to think about the Poisson bracket in terms of derivatives with respect to the noncommutative (operator) coordinates like ∂xi and ∂pi. The idea could work well with
giving
With the algebra formulated for the operators β as Weyl ordered functions of the coordinate variables,x i andp i or α i andᾱ i , such differentiations can be naturally appreciated. And obviously, the coordinates, of the real or the complex sets, are independent variables. In fact, the Heisenberg commutation relation gives adxi as replacing ap i factor in β(p i ,x i ) by i and adpi as replacing ax i factor by −i , at least for polynomials. That is in perfect agreement with the above. The coordinate derivatives can be seen to be a mutually commutative explicitly through the adjoint action. We are actually more interested in expressions and results in terms of the complex (non-Hermitian) coordinates α i andᾱ i though we will still present some of the corresponding results in terms ofx i andp i for the readers' easy appreciation. We want to take ∂ i and ∂ī as the basis vectors of the complexified tangent space writing a vector field as kind of like X = χ i ∂ i + χ¯i∂ī with the component functions χ i and χ¯i are operators as functions of α i andᾱ i . With the Hamiltonian vector fields, we have, explicitly X β (α i ) = (−2iδ ij )∂jβ and X β (ᾱ i ) = (2iδ¯i j )∂ j β from which we can read the Poisson or symplectic tensor (a bivector field) as Ω ij = −2iδ ij and Ω¯i j = 2iδ¯i j , and Ω ij = Ω¯ij = 0, which is our implicit starting point. However, in order to get X β (γ) = − 1 i [β, γ] = −X γ (β), we need to write the Poisson bracket as
Basically, the noncommutativity of the derivatives of functions here requires the more complicated form for the Poisson or symplectic structure to assume its antisymmetric nature, which is essentially independent of our explicit Ω. Hence, we have to have
written in the compact form using the anticommutator. Next, the symplectic structure gives an expression for the differential forms for any of the coordinate variables dα as dα(X β ) = dα, X β = 1 i [α, β], from which we can first retrieve for the coordinate 1-forms dx i (∂xj ) = δ i j , dx i (∂pj ) = 0 , dp i (∂pj ) = δ i j , dp i (∂xj ) = 0 ;
as well as the matching results for the case of the complex coordinates α i andᾱ i . Moreover, we also have dα i (X β ) = χ i β and dᾱ i (X β ) = χ¯i β . Similarly, we can obtain dβ(∂ i ) = ∂ i β and dβ(∂ī) = ∂īβ. One can see then
gives consistent results with
In fact, we can consider the coordinate 1-forms as commuting with any β functions as components of a vector field like a χ i γ . With the 1-forms dβ defined, we can see that the tensor Ω ij can be read consistently as Ω(dα i , dᾱ j ) with
Note that we have not said anything about the metric tensors yet and hence cannot take any notion of lowering or raising indices, except for the coordinates which one does not have a distinction between the two. The closest we get to is like the standard pairing between the coordinate 1-forms each with the corresponding coordinate vector field. Though it is tempting to claim a Kähler structure with a matching metric tensor, we take special caution against that.
The above gives the action of the differential operator d on a β as (dα i ∂ i + dᾱ i ∂¯i), which can be given by an algebraic derivation as
where the Dirac operator is given by
Up to this point, we have obtained the complete first order differential calculus on the observable algebra, or rather the noncommutative geometric space behind it, as in agreement with the general picture of noncommutative differential geometry simply from taking the Poisson bracket 1 i [·, ·] in the same way as one on a commutative symplectic manifold given in the differential geometric language. The structure may be considered dictated by the theory of quantum mechanics itself, and is an alternative description of the structure on the algebra of the H β functions or that of the f β functions on the Kähler manifolds H and P, respectively. We leave the trickier metric geometric picture to be handled below.
To have a description of the full differential algebra, one wants to consider forms of higher degree from (wedge) product of 0-forms and 1-forms and d as the graded derivation of degree 1. That should be done along the line of the usual commutative case with extra care paying to features of noncommutativity. It is obvious that the product of a 0-form and a 1-form cannot be commutative in general, i.e. dβ γ = γdβ though the commutation works for the coordinate 1-forms dα i or dᾱ i . Furthermore, one wants to extend the involution in the observable algebra here as the complex conjugation among the β functions to all forms.
Again, our thesis here is to obtain the structure, for the specific noncommutative space, from quantum mechanics itself. We want d 2 = 0 and d(ηη ′ ) = dη η ′ + (−1) k η dη ′ for forms η and η ′ with k being the degree of η. for a k-form η, which gives also d(ηη ′ ) = dη η ′ + (−1) k η dη ′ . In fact, the line of reasoning can be implemented explicitly to show that the (ordered) coordinate k-forms (k from 1 to 6) as the basis of the differential algebra have commutation/anticommutation properties with any other form η in the same way as the case of commutative geometry and the dη expression in terms of D rigorous derived. All nontrivial commutation/anticommutation relation in the full differential algebra is dictated by the basic commutation relation among the 0-forms hence the Heisenberg commutation relation. We can indeed consider the whole differential calculus of our noncommutative space to be fixed by just the symplectic structure of quantum mechanics, i.e. from physics. It is also of interesting to note that the Poisson bracket structure itself can also be naturally extended to the whole differential algebra [24] here with dη = i {D, η} Ω , exactly by taking the graded commutator in place of the commutator; explicitly,
A further interesting result to note is
essentially the symplectic 2-form. We can see that idD
with Ω ij = Ωīj = 0. That completes the structures of the symplectic geometry in the differential geometric language with the noncommutative coordinates.
The involution as operator Hermitian conjugation for the observable algebra is just our complex conjugation as (β) * =β. Obviously, dx i and dp i are to be taken as the real basis of the cotangle space and ∂xi and ∂pi that of the tangle space. D has then to be taken as purely imaginary, i.e. D * = −D. In addition, we have (dη) * = (−1) k d(η) * . Note that (βγ) * =γβ.
And there cannot be further nontrivial factors of −1 in the conjugate of product of forms, i.e. we have simply (ηη ′ ) * = (η ′ ) * (η) * in general 3 . We can simply writeη for (η) * like the case of the 0-form. In conclusion, the complex structure on our noncommutative space works in the usual fashion on the differential algebra with only the nontrivial commutation relations to be cared about, or the conjugation on products of forms is exactly in line with taking all the forms as like operators on the same Hilbert space though not necessarily as elements of the observable algebra. However, we do not yet have any explicitly picture of like dβ or D on a state vector, not to say forms of higher degrees, and the calculus presented remains only formal.
VI. HEISENBERG VERSUS SCHRÖDINGER PICTURE OF DIFFERENTIAL GEOMETRIC STRUCTURES AND THE TRANSFORMATION BETWEEN COM-
MUTATIVE AND NONCOMMUTATIVE COORDINATES
In the description of time evolution in quantum mechanics, we have the Heisenberg picture of changing observables on a fixed state and the Schrödinger picture of a changing state with fixed observables, identified by the same time dependent expectation values.
The key mathematical feature behind that is exactly the duality between the observable algebra and the (geometric) space of pure states P. In fact, the usual Schrödinger picture is really a description completely in terms of the latter space when the time evolution is given in the symplectic formulation. If that has to be clearly distinguished from the usual description in the language of unitary flow for the state vector, one can call it the Hamilton-Schrödinger picture. We will refer to it simply as the Schrödinger picture in this paper and includes in it the description of H as a symplectic manifold. We think the dual descriptions as the Heisenberg and the Schrödinger pictures can be generalized much to the matching between structures on the observable algebra with α i andᾱ i , orx i andp i as basic noncommutative coordinate variables on the one hand and the state space P or H with real/complex number symplectic coordinate variables on the other. Duality matching between geometric and algebraic structures as exemplified by the commutative case like a familiar finite dimensional real manifold and its algebra of smooth functions is a key perspective in modern mathematics along which the mathematics of noncommutative geometry has been developed for noncommutative algebras. For the specific case of the noncommutative observable algebra in quantum mechanics as a physical theory, we believe our notion of Heisenberg versus Schrödinger picture descriptions gives an explicit formulation of that duality which may be seen as providing a physics approach to the formulation of noncommutative geometry. The perspective is already there implicitly in our description of the symplectic differential geometric structures for the observable algebra in the previous section. An explicit description in terms of like the duality map will be developed here. We want to push that to the ideal goal of such a duality map as fully based on a transformation of the six noncommutative coordinates and the infinite set of real/complex number coordinates. in fact with both the z-coordinate andg metric and w-coordinate and g metric for f β functions on P as we have been doing above. For most of the results, we describe and discuss in terms of z-coordinate andg metric whenever explicit mathematical expressions are given. Direct parallel results for the other cases with similar properties will be listed in Table 1 .
Along the perspective depicted, we think about the functions f α i and fᾱi as like expressions of the noncommutative coordinates as functions of the commutative coordinates, and β and f β the expression of the same observable/function in terms of the sets of coordinate variables, respectively. The six f α i and fᾱi complex values at a point on P of course cannot be a representation of the infinite numbers of z n coordinates. They are noncommutative objects, the coordinates, in the Kähler product algebra. Going directly to the operators, we can consider an implicitly defined coordinate transformation mapf : P → P nc withf (w n ,w n ) = (α i ,ᾱ i ), where P nc denote the noncommutative manifold of all admissible noncommutative values of (α i ,ᾱ i ). The algebraic isomorphism sending β to f β is then simply the pull-back transform on the corresponding functional space, i.e. f β =f * (β). The noncommutative geometric picture on P nc is our Heisenberg picture to be mapped to the commutative geometric picture on P as the Schrödinger picture. In that sense, the latter is the commutative coordinate variable description of things while the Heisenberg picture the dual description in terms of the noncommutative coordinate variables. We can also think about mapf asf (z n ,z n ) = (α i ,ᾱ i ) with f β as f β (z n ,z n ). Similarly, we havef H : H → P nc withf H (z n ,z n ) = (α i ,ᾱ i ) and H β =f * H (β) as the algebraic isomorphism. However, we will see immediately below that for the coordinate maps it makes good sense to consider the functions only under the condition |z| 2 = 2 under which f β = H β andf H is to be taken rather as a S → P nc map.
Firstly, we give an explicit description of the Heisenberg picture of differentiation, which has been given through the formal operator expressions in the previous section, as dual to the familiar counterpart in the Schrödinger picture. The notion of the two pictures of time variation can be directly generalized to a generic differentiation. Schrödinger time evolution is given in terms of z n (t), for example, and hence the observables H β (t) = H β (z n (t),z n (t)).
Heisenberg description of the state would be in terms of noncommutative coordinates α i (t) and hence observables as β(t) = β(α i (t),ᾱ i (t)). The two pictures are connected via H β (t) = H β(t) . For a generic infinitesimal variation, we consider the corresponding relation
which can be seen as our physics definition of the 1-form operators dβ with |δφ = dz n |z n as an infinitesimal state. The definition when matched to Eq.(45) suggests |δφ = −D |φ and δφ| = φ| D
with hence D as antihermitian or pure imaginary, in line with results of the previous section.
That, however, would imply δφ|φ = − φ|δφ giving d φ|φ = 0. The result can also be seen from considering β being a constant operator, for example, the identity operator. We want dβ to be zero as an operator, which is not consistent with Eq.(50) unless the d|z| 2 = 0.
In the language of thef H map, for the pull-back of the 1-forms dβ asf * H (dβ) = dH β , we sure want the pull-back of zero as a 1-form to be zero like the pull-back of the zero function.
Moreover,f * (dβ) = df β sure pull-back the zero 1-form to zero, but
Having consistent dH β = H dβ and df β = f dβ implies Eq.(51) and d|z| 2 = 0. In fact, for the identity operator as the constant function β(α i ,ᾱ i ) = 1 to be represented by the same constant function H β (z n ,z n ) = 1, it requires |z| 2 = 2 . So, we can have the exact Heisenberg and Schrödinger picture correspondence only when H β is taken with fixed r = |z| value, which is most conveniently taken to be √ 2 , giving the H β as a function on S and dH β as the 1-form. We can still use the z n coordinates under the condition, or we use the set of {θ, w n ,w n } (n = 0); note that we drop the wñ notation in the section. Thef H map now is to be taken as S → P nc . However, we can keep using it as like H → P nc only putting in the |z| 2 = 2 condition to the results in most of our analysis. Note that f β = H β for |z| 2 = 2 .
For any of the coordinate 1-forms dα, we may write formally, following the usual case for the α set as like commutative coordinates,
. Expressions of the kind are, however, something we would not quite know how to deal with. We can look at the pull-back though, written aŝ
for which we have
A point of paramount importance to note is that J i [n] , and the complex conjugate Jī [n] = ∂fᾱ i ∂w [n] , are nonzero. EvenĴ i
[n] certainly does not look like a vanishing quantity. The coordinate map actually cannot be taken as a holomorphic one. That speaks explicitly against taking P nc as having a Kähler structure with a trivial metric! The lack of matching of the complex structures sure confirms that we cannot take P nc as having a Kähler structure connecting the symplectic one and the metric one.
For a mapping between commutative manifolds, the corresponding map between the tangent space is obtained by pushing forward. If one follows naively the formulation, the vector field on P nc as the push-forwardf * (X) of vector field X on P should satisfies the relationf * (X)(β) = X(f * (β)) = X(f β ) ,
Again, we avoid that and look at like the pull-back. In fact, it does not look like one can identify as a vector field on P nc as af * (∂ [n] ) within the scope of our discussion in the previous section. To appreciate and get around the difficulty at hand, we first note that we should not be looking at all functions or vector fields on P. We are interested only in the Kählerian functions as only the functions in the class correspond to functions of P nc , as pull-backs. With the Poisson bracket on the on P nc , the coordinate vector fields are Hamiltonian vector fields with matching Hamiltonian vector fields on P. We can hence consider each X β as the pull-back of X β and the set of Hamiltonian vector fields look like the only vector fields we need in quantum mechanics. The coordinate vector field ∂ [n] for example, may not have a push-forward on P nc as it is not a Hamiltonian vector field of a Kählerian function. With the Poisson brackets discussed above, we have
The last expression can be consideredf * (X β )(f * (γ)) to give X β asf * (X β ). Then, we can write
andf * (X β ) = X β as the inversion. With that, we can also write the relation f * η,f * (X) = f * (η), X for η here being a 1-form on P nc applying to a vector field of X β . Again, one can check that
Note that η,f * (X) is in general an operator and hence has to be pull-back to matched with f * (η),X . We do not have the explicit pull-back expression in the line above only because a constant (multiple of the identity) operator is pull-back byf * to the same constant. For the parallel results withf * H taken as the original H → P nc map, however, we have actually dH α i , Xᾱj = −i|z| 2 δ i j asf * H (−2iδ i jÎ ). Enforcing the restriction to S of course retrieves the same result asf * . Note that all X β as vector fields on H have no component in the ∂ r direction to which they are orthogonal, hence serving as proper vector fields on S. Just like usingf as mapping from the z [n] coordinates matched withω, the df β andX β are elements of vector spaces of the dimension of H, but are horizontal in relation to the vertical directions of the corresponding fiber spaces. The full setup for differential symplectic geometry on (P nc , Ω) can be seen to have as the pull-back the differential symplectic geometry on (P, ω), or equivalently that of (P,ω) or that of (H, ω), which is more like the proper way to interpret the formulation of the former in the previous section.
Applying the pull-back to the noncommutative coordinate vector fields, we havef * (∂ i ) = −1 2i Xᾱi andf * (∂ī) = 1 2i X α i . We can hence write
J −1 here is hence obtained as a left inverse, with J −1[n]
[n] = 0. We have also confirmed the last results with explicit expressions for the Hamiltonian vector fields and covectors given in Eqs. (36) and Eqs. (35) . The corresponding
j J i [n] = |z| 2 2 δ i j , the pull-back of δ i j (Î). One can also check that based on the pull-back relation between the symplectic structure, we 
vector field ∂ n , ∂n ∂ n , ∂n ∂ n , ∂n
Again, we have matching results for (P,ω) and (H, ω).
i do not look like what one can make much sense out of; and there is really no reason to expect otherwise. Hence, our coordinate transformation picture works perfectly well for the differential symplectic geometry.
Now we try to push on to looking into the metric structure. The story becomes much more complicated in the case. Consider a metric tensor G(X β , X γ ) on P nc . While the symplectic structure Ω can be pull-back to those of ω,ω, and ω, which are essentially the same, the metric structure of G is truly different from that of g org. Although expressions like those in Eqs.(57) and (58) look like having, as the relations between the corresponding two tensors, the usual form as in mapping between commutative manifolds, the direct corresponding results should be given in terms of theĴ and its inverse. Explicitly, from thef map, we expect
and the same relation between ω and Ω, as well as matching expressions for the z ncoordinates and forf H . However, it is not clear that in terms of the pull-back, if we can
forf * (G) andf and it does not look like it can be δ k i at all. Neither does it work for the case of thef * H pull-back. Moreover, the Riemann bracket {·, ·} g is not even a f β .
So, our exploration trying to get to the metric G in terms of operator functions is not successful. However, we sure learn something out of that analysis. The first important thing we want to point out is that the above analysis of getting to the pull-back of the metric tensor G and its inverse is in the setting that it is non-degenerate. Could it be a degenerate one with like detG = 0 ? There are signs of it being plausibly the case. Theg metric of P in the homogeneous coordinates is degenerate. And the noncommutative coordinates feel much like a kind of homogeneous one. For example, the set of course would cover the whole space, which is not possible for a non-degenerate set of real/complex number coordinates on P. Besides, we have discussed in Sec.IV how the set of 'noncommuative values' [31] for the noncommutative coordinate operators can be seen as carrying a lot of redundant information for identifying the state. However, checking if detG = 0 through its pull-back does not look feasible. For the start, we are talking about like the determinant of a matrix of operators and generalizing from the case of commutative elements is nontrivial. We do not know the exact order of the multiplication of elements. Not to say even if that is known, the actual calculation of the pull-back sounds extremely formidable. And assuming that determinant is indeed zero, we do not know what should bef * (GG −1 ) either unless we have something like the Killing reduction as forg. Furthermore, all that is already assuming the notion of metric degeneracy for the noncommutative case is represented by detG = 0, which may not be the case. Seeing a noncommutative coordinate as equivalent to an infinite set of commutative coordinates and thinking about metric degeneracy of the latter in general, one can anticipate the idea that even a noncommutative geometry of one noncommutative coordinate can possible have a degenerate metric in some sense. May be thef * (G) andf * (G −1 ) expressions above work only that G is degenerate. Apparently, we lack the mathematical machinery to deal with the possibility.
At this point, some discussions in relation to the general notion of Riemannian geometry for a noncommutative algebra as relevant to our case at hand are in order. First of all, a direction approach to define a Riemannian metric like G as a non-degenerate inner product on the tangent space of X β , or cotangent space of dβ, sure can be done when a system of coordinates has been available [23, 25] . One can certainly define a trivial metric, for example, on the quantum observable algebra here and make it like a Kähler geometry. In addition, in the formulation of the Poisson differential algebra mentioned above [24] , there is a notion of a connection and related metric naturally obtained from the Poisson bracket expression involving a function and a 1-form which can be seen from that perspective as a definition for the latter. That metric would also be the trivial one for our case. It is then very tempting to just take that. However, what we are trying to do here is something different. We want to have a metric G which describes essentially the same Riemannian geometry as the Fubini-Study metric on the projective Hilbert space, an intuitive physical picture which we have shown to work perfectly for the differential symplectic geometry. And we have presented arguments above why the trivial metric is not the right answer to that.
A kind of trivial metric for 'thex i space' much in a naive exact analog of its 'classical limit' as the Newtonian space has also been much considered by physicists [32] . Most if not all of physicists' studies of noncommutative space(-time), in fact, starts from threex i or fourx µ coordinates with nontrivial commutation relation [33] . Compared to those studies, we are more like looking at the noncommutative phase space of quantum mechanics itself, though we actually have a perspective to argue that for the momentum coordinates are an integral part of the quantum physical space [9, 10] . For the matter, most of the studies in the literature is not so relevant to our case here. However, for the simplified case of two coordinates with a constant commutator, whether it is two position operators as considered in Ref. [32] or a position and a momentum operator as relevant to our case, the mathematics is essentially the same. That is the what is known as the Moyal plane, which has been studied quite a bit lately [34] if more like from the mathematical side. Those studies, however, do not explicitly discuss the metric tensor, but rather focus on the notion of metric distance, called spectral distance, as distance between the states of the algebra [35] . The latter is from the formulation of noncommutative geometry as a so called spectral triple [4, 36] , which should be connected to the notion of metric tensor for example as stated in Ref. [25] . The Dirac operator is in fact a key element of the spectral triple. However, explicit analysis of the spectral distance for the Moyal plane as a spectral triple between two harmonic oscillator Fock states give answers certainly disagree with the Fubini-Study distance [34] . We want to further comment about the notion of the classical limit. How to look at the classical limit of the theory of quantum mechanics is a nontrivial notion. We have a very concrete consistent formulation of that from the relativity symmetry contraction limit which also in a way gives the Newtonian space as the limit of the projective Hilbert space as the quantum model of the physical space [9, 10] . For the classical phase space from the limit, one retrieves a trivial metric exactly in line with the restriction of the Fubini-Study metric to the coherent state submanifold. Authors of the other approaches [32, 34] may also have like the right classical limit, which in itself is not really very useful to identify the right quantum picture. It is only one basic requirement.
What could be a consistent, sensible, or even mathematically appealing notion of metric tensor or metric distance between states in itself does not necessarily come in conflict with what we are after here -a noncommutative coordinate picture of the Fubini-Study metric geometry of the projective Hilbert space, our model for the quantum physical space. The subject matter and many of the related mathematical notion certainly need much further studies, and as physicists we want to have a picture that is well grounded in a good physical theory about nature as a base to go to deeper level theories. The observable algebra with the state of pure state for quantum mechanics, even to look at as only the phase space, should be an excellent place for us to learn about quantum/noncommutative geometric structures.
And it will very probably also gives us a better picture of the theory itself.
VII. CONCLUSIONS
As physicists, we are more interested in a specific case sure to have a role in our description of nature rather than the general/formal mathematical considerations, and we want to trust more mathematics we can kind of obtained from the structure of established physical theories and our related thinking. Quantum mechanics is a very well established physical theory.
It is also the starting point physicists realize the noncommutative nature of physics as in the noncommutativity of physical observables. The Heisenberg uncertainty principle clearly indicates that the position and momentum observables do not commute. An intuitive picture of that would be the quantum phase space is a noncommutative object, if not also the quantum model of the physical space. Without the modern mathematical notion of noncommutative geometry of an operator algebra, that intuitive picture can hardly be formulated. On the other hand, the Hilbert space seems to serve the purpose of describing quantum states well. A lot of progress in the relevant mathematics have come by and it is the time to use perspectives gained there to review the theory of quantum mechanics, as well as to see how our first noncommutative physical theory informs us about the noncommutative geometric picture that is sure relevant to nature.
The projective Hilbert space as the space of pure states for the quantum observable algebra is a dual object to the latter. The former is an infinite dimensional Kähler manifold while the latter we want to think of as a geometric structure with the six noncommutative coordinates. We appreciate that a quantum observable has the information content of infinite number of complex/real numbers, hence the idea of a direct correspondence between the complex number coordinates and the noncommutative coordinates. We use the full matching of the symplectic dynamics as the (Hamilton-)Schrödinger picture and the Heisenberg picture to essentially define the differential geometry of the observable algebra, showing that the full differential symplectic geometric structures on either side match perfectly well even to the extent of having an implicit coordinate map. Such a map can be thought of as a coordinate transformation between the two as essentially the same object. The success however cannot be duplicated for the metric geometry, or at least we have not managed to do so here. A key tricky issue seems to be the possible degeneracy of the noncommutative geometric metric.
We show that while the noncommutative geometry has a trivial symplectic structure corresponding to the Heisenberg commutation relation, it should not be thought of as having a trivial metric and hence a Kähler structure, if we want the full geometry to be able to be matched to that of the space of pure states. Moreover, no available picture of the metric for the observable algebra seems to be able to match that on the commutative geometric picture of the latter. A good metric geometric picture in the case remains, in our opinion, an open question.
While our formulation of differential geometry for the observable algebra is mostly in line with those in the literature, it is to be seen as like dictated by the physical theory. There are subtleties worth some attention. And one particularly remarkable point is that we see the necessity of defining the component expansion of a vector field as X β (·) = 1 2 χ i β , ∂ i (·) + + 1 2 χ¯i β , ∂ī(·) + , which seems not to have been addressed before. Our line of work has as one of its goal to get to a intuitive picture of the physics of quantum mechanics with the position and momentum operators as geometric coordinates in the same sense as their classical counterpart other than being noncommutative. We believe the present study is a good advance in the direction. 
ECTORS
We look at H − {0} as a complex line bundle with P as the base space. We can take on it the conformal metric given byG
It is better to replace r as a coordinate by τ = ln r to have {τ, θ, w n ,w n } as the coordinate system. ∂ τ = r∂ r and ∂ θ are Killing vector the Killing reduction of which gives the Riemannian manifold (P,g) from (H − {0},G). Notice that we have here ds 2 (H={0}) = 2 dτ 2 + ds 2 (S) , which when restricted on any constant τ submanifold gives exactly the sphere S with the ds 2 (S) metric. The metric is θ-independent. A further projection to P induces on the latter the metric as given by theg tensor which should only be taken as an expression of the actually metric g in the homogeneous coordinates, which has the advantage of being globally applicable. The number of indices ing is bigger than the dimension of the tangent space.
g can also be taken as a degenerate metric, detg = 0, on H − {0} which vanishes on the vertical part of the tangent space spanned by the two Killing vectors. The vertical tangent space is exactly the tangent space of the fiber manifold. A manifold with a singular Riemannian metric does not have an inverse metric though the many of the differential geometric structures of usual Riemannian manifolds may still be of interested [37, 38] . The stationary class among them, which corresponds to our case at hand, has been a focus of mathematical studies [37] . The orthogonal complement is the horizontal tangent space, which can be thought of as the tangent space for P, or rather the horizontal lift of it.
Horizontal tensors are defined accordingly. As a tensor,g is exactly the horizontal lift of g. In the appendix of Ref. [29] , it is shown how horizontal tensors orthogonal to the Killing vectors and their covectors can be obtained from generic by projecting out the vertical parts.
For the case at hand, we havẽ
where ∂ τ = z m ∂ m +z m ∂m and ∂ θ = iz m ∂ m − iz m ∂m. Notice that ∂ θ l is the covector on (H − {0},G) here, which is different from the covector on (H, G). The structure can also be seen as a sub-Riemannian one [21] characterized by the canonical 1-form 1 Im φ|dφ = 1 2i (z n dz n − z n dz n ), which reduced to − i z n dz n on S. The 1-form is exactly what defines the Berry connection [20, 21] . The Killing reduction technique given in Ref. [29] is powerful too which, however, has apparently not been much applied in the mathematical studies. One can actually have an 'inverse metric'g mn , for example, directly from the Killing reduction ofG mn asg
which can and has been above for the Kähler product of the f β functions. The result agrees with that obtained from the affine coordinates with the equivalent metric g for P, and that of the H β functions on (H, G). There is alsõ g n m = δ n m −z m z n |z| 2 =g mlgl n (63) obtainable similarly fromG n m = δ n m , which is involved in the explicitly Killing reduction expressions for the tensors.
As the f β functions as functions on H − {0} are τ and θ independent, the corresponding covectors ∂ n f β is naturally horizontal, meaning exact covectors on the Killing reduction P.
For the covector dual to the Hamiltonian vector fieldX n β , we haveX β n = i∂ n f β , the same form as for any Kähler manifold with a non-degenerate metric. It is hence exactly the same as the covector for X f β on H as a Kähler manifold, and actually also identical to the covector for X β . In fact, in terms of complex coordinates and the splits of the exterior derivative into holomorphic and antiholomorphic parts, df β = ∂f β +∂f β , we always have the covector for a Hamiltonian vector field as i∂f β − i∂f β . In particular,X β = X β as covectors, i.e. we haveX β = X βñ dwñ + X βn dwñ and the horizontal covector nicely has no component in the dτ (or dr) and dθ directions, though the {z n ,z n } to {τ, θ, wñ,wñ} transformation is not a holomorphic one. Explicitly, a covector ζ n is horizontal if z n ζ n = ∂ n τ ζ n = (−i)∂ n θ ζ n = 0 .
For a horizontal vector fieldX n , we have |z| 2z nX n = 0 .
